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2.1
$n$ , F2 $=$ {0,1} . $\mathrm{F}_{2}^{n}$ j-
$C\subset \mathrm{F}_{2}^{n}$ $n$ 2 .
F2- $C$ $k$ $\text{ _{}\iota}C$ $g_{1},g_{2},$ $\ldots,$ $g_{k}$ $k\cross n$
$G:=\{\begin{array}{l}g_{1}g_{2}\vdots g_{k}\end{array}\}$
, $C=\{iG|i\in \mathrm{F}_{2}^{k}\}$ . , $G$ $C$
, $i\in \mathrm{F}_{2}^{k}$ $G$ , $C$
$iG$ $i$ .
C $C$ $\mathrm{F}_{2}^{n}$
$C^{[perp]}:=$ { $v\in$ $|v\cdot oe=0$ for all $x\in C$}
. , $v\cdot x$ $v$ $x$ $C^{[perp]}$ $h_{1},$ $h_{2},$ $\ldots$ , $h_{m}\in$
, $m\mathrm{x}n$
$H:=\{\begin{array}{l}h_{1}h_{2}\vdots h_{m}\end{array}\}$
, $x\in \mathrm{F}_{2}^{n}$ $Hx^{T}=0$ ,
,
$h_{i}\cdot oe=0$ , $i=1,2,$ $\ldots,$ $m$ (1)
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. , $H$ $C$ , , $k,$ $m$
$C$ , . $m\geq n-k$ .
2.2
$C$ , $x=\{x1,$ $x_{2},$ $\ldots,$ $x_{n})\in C$ ,
$y=$ $(y_{1}, y2, . . . , y_{n})\in \mathcal{Y}^{n}$ - $\mathcal{Y}$ ,
$m\cross n$ $H=(h_{ij})$ $C$ , $H$
$A_{i}:=\{j|h_{ij}=1\}$ , $i=1,2,$ $\ldots$ , $m$
.
$C$ . $x\in \mathrm{F}_{2}^{n}$ $C$
( (1)) , $A_{i}$ $\sum_{j\in A_{i}}x_{j}=0(i=1,2, . . . , m)$
, $x\in \mathrm{F}_{2}^{n}$ $p(oe)$




0, if $a\neq b$
.
, , $p(y|x)$ . ,
$p(y|oe)= \prod_{j=1}^{n}p(y_{j}|x_{i})$ , .
.
, $y\in \mathcal{Y}^{n}$ , $x\in C$
$p(\mathrm{a}\mathrm{e}|y)$ ,
$p(x|y)= \frac{p(oe)p(y1oe)}{a\sum_{e}p(x)p(y|x)}=\kappa\prod_{i=1}^{m}\delta(\sum_{j\in A_{*}}.x_{j},$ $0) \prod_{j=1}^{n}p(y_{j}|x_{j})$ (2)
. $\kappa$ , L $\mathrm{F}_{2}^{\mathrm{n}}$ $p(oe|y)=1$ .
, $\hat{x}\in C$ $x$




[19]. (maximum aposteriori probabffity, MAP)





$x$ , (maximum likelihood, $\mathrm{M}\mathrm{L}$) .
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(maximizer of posterior marginals, MPM)
[11].
MAP , $p(x|y)$ $C$ ( $2^{k}$ )
. , $k$ MAP




, $\mathrm{B}\mathrm{P}$ [18] sum-product $[5, 13]$ $[6, 25]$ ( ,
$\mathrm{B}\mathrm{P}$ ) , MPM .
3
3.1 Tanner
$V_{c}:=\{c_{i}\}_{i=1}^{m},$ $V$v $:=\{v_{j}\}_{j=1}^{n}$ , $\text{ }$ $-\text{ ^{}\backslash ^{\backslash }}$
$V$ $V:=V_{c}\cup V_{v}$ , $E$ $E\subset V_{c}\cross V_{v}$
$\Gamma=$ $(V, E)$ . $V_{c},$ $V$v $\delta_{c},$ $\delta_{v}$ , $\Gamma$
( $\delta_{v}$ , \mbox{\boldmath $\delta$}c)- .
$\Gamma$ , F2 $m\mathrm{x}n$ $H_{\Gamma}$ :=(h ) ,
$h_{ij}:=\{$
1if $(c_{i}, v_{j})\in E$ ,
0if $(c_{i}, v_{j})\not\in E$
, $H_{1^{\urcorner}}$ , $n$ , $m$
$C_{\Gamma}:=$ { $v\in$ a $|H_{\Gamma}v^{T}=0$}
. $\Gamma$ $C_{\Gamma}$ Tanner [22] . , , $v_{j}$
, . , 1 (7, 4, 3) Hamming ( $H$)
Tanner
$\mathrm{B}\mathrm{P}$ , Tmner
, $\mathrm{B}\mathrm{P}$ MPM $[16, 18]$ . $\mathrm{L}$ ,
Tanner ,
[4]. , Tanner ,




1: (7, 4, 3) Hamming Tanner $\text{ }$ .




1 $[1, 8]$ $P$ $v$ . $\mathcal{P}$ $k$ $B$ (
) $B$ , $P$ $t$ $B$ $\lambda$
, $P,$ $B$ t- $(v, k, \lambda)$ .
t- $(v, k, \lambda)$ , $V_{c}=B,$ $V_{v}=\mathcal{P}$ ,
$E:=\{(B,p)\in B\cross\dot{P}|p\in B\}$ .
, $\Gamma_{t}$ (v, $k,$ $\lambda$) $=(\mathrm{K}\cup V_{c}, E)$ .
2 [1] $\Gamma_{t}$ (v, $k,$ $\lambda$ ) $v$ , $v\delta_{v}/k$ ( $\delta_{v}$ , \mbox{\boldmath $\delta$}c)-
$fX\text{ }$ . {$\underline{\mathrm{B}}$ ,
$\delta_{v}=\frac{\lambda(\frac{v-1}{t-1})}{(\frac{k-1}{t-1})}$ , $\delta_{c}=k$
.
2 , t- $(v, k, \lambda)$ Tanner
.
t- $(v, k, 1)(t\geq 2)$ Steiner $[1, 8]$ . $t=2$ ,
.
3[10] $\Gamma_{2}(v, k, 1)$ t 4 .
, $\Gamma_{2}(v, k, 1)$ Tanner ,
[17]. , $\Gamma(v, k):=\Gamma_{2}(v, k, 1)$ .
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$B_{\mathrm{I}}$ $B_{2}$ $B_{3}$ $B_{4}$ $B_{5}$ $B_{6}$ $B_{7}$
2: $\Gamma(7,3):2-(7,3,1)$ .
4 $P:=\{p_{1},p_{2}, \ldots,p_{7}\}$ $\text{ }$ ,
$B:=\{B_{1}, B_{2}, \ldots, B_{7}\}$
$=\{\{p_{1},p_{2},p_{3}\}, \{p_{1},p_{4},p_{5}\}, \{p_{1},p_{6},p_{7}\}, \{p_{2},p_{4},p_{7}\}, \{p_{2},p_{5},p_{6}\}, \{p_{3},p_{5},p_{7}\}, \{p_{3},p_{4},p_{6}\}\}$.
$\text{ }$ . , $P,$ $B$ 2-(7, 3, 1) , $\Gamma(7,3)$ .
2 $\Gamma(7,3)$ , . 2
, $\Gamma(7,3)$ $(\dot{3}, 3)$- .
3.3 $\Gamma(v, k)$ Tanner
$\Gamma(v, k)$
$b$ ,
$\bullet$ $b$ $\text{ }-$
, $\Gamma’(v, k)$
, 3 $\Gamma(7,3)$ $\Gamma’(7,3)$ . $\Gamma(7,3)$
,
3 $\Gamma(v, k)$ 4 , $\Gamma’(v, k)$ 4




$\mathrm{F}_{2^{\epsilon}}$ $m$ (Euclidean geometry) [1]
$\mathrm{E}\mathrm{G}(m, 2^{s})$ - $\mathrm{E}\mathrm{G}(m, 2^{s})$ $2^{ms}$ $2^{(m-1)s}$ (2ms $-1$ ) $/(2^{s}-1)$
, $2^{s}$ , . $\mathrm{E}\mathrm{G}(m, 2^{s})$
$t$- , $\mathrm{E}\mathrm{G}(m, 2^{s})$ $t=2$ ,
$v=2^{ms},$ $k=2^{s}$ Steiner [1].
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$\Gamma(7,3)$ $\Gamma’(7,3)$
3: $\Gamma(7,3)$ $\Gamma’(7,3)$ .
$b$ $\Gamma(2^{ms}, 2^{s})$ $\mathrm{E}\mathrm{G}(m, 2^{s})$ ,
$b$ $b$
$\Gamma’:=\Gamma’$ ( $2^{ms},$ $2$s) .
, Kou [12] IEG-LDPC $C_{\Gamma}$,
. , $\Gamma’$ ( $2^{mx},$ $2$s) IEG-LDPC Tanner
4 .
3.5 Cayley $\langle$ Tanner
5[7] $G$ , $A\subset G$ , $a\in A$ $a^{-1}\in A$
. $G$ , $\{(g, h)\in G\mathrm{x}G|hg^{-1}\in A\}$
$\Gamma(G, A)$ Cayley .
6[15] $q$ . $G:=SL_{2}$ (Fq) , $A\subset G$
$A:=\{a=\{\begin{array}{l}120\mathrm{l}\end{array}\},$ $a^{-1}=\{\begin{array}{l}1-210\end{array}\},$ $b=\{\begin{array}{l}1021\end{array}\},$
$b^{-}1$ $=[$ l2 $01$ ] $\}$
, $\Gamma(G, A)$ $q^{3}-q$ , 4 .
, 2 $\log(q/2)-1(s=1+\sqrt{2})$ .
Margulis , 6 Cayley $\Gamma(G, A)$ ,
.
, , $G$ $G,\tilde{G}$ . ,
$\text{ }-\text{ ^{}\backslash }\backslash$ $G$ $\hat{G}$ .
$\bullet$ $g\in G$ $ga^{2},$ $gaba^{-1},$ $gb\in\hat{G}$
$\circ\tilde{g}\in\tilde{G}$ $\tilde{g}a^{-2},\tilde{g}ab^{-1}a^{-1},\tilde{g}b^{-1}\in\hat{G}$
. , $2(q^{3}-q)$ , \nearrow -- $\text{ ^{}\backslash ^{\backslash }}$ $q^{3}-q$ $(3, 6)-$
.
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$A$ $G$ $A$ $c$
. , $aa^{-1},$ $a$-1a, $bb^{-1},$ $b$ -1b ,
. ,
$\{a^{2}, a^{-2}, aba^{-1}, ab^{-1}a^{-1}, b, b^{-1}\}$
( )
$c/2-1$ . , $I\mathrm{h}$ $\log(q/2)-1$





$\Gamma$ $(\delta_{v}, \delta_{c})$- Tanner , $\Gamma$
, $C_{\Gamma}$ $d(C_{\Gamma})$ .
$H_{\Gamma}$ 0, 1 , $H_{\Gamma}^{T}H_{\Gamma}$ $\mu_{1},$ $\mu_{2},$ $\ldots,$ $\mu_{s}(\mu_{i}>\mu_{i+1})$
7[23] $\text{ }-$ b“ $n$ Tanner $\Gamma$ , $\text{ }-\text{ ^{}\backslash }\backslash$ ,
$\delta_{v},$ $\delta_{c}$ , $d(C_{\Gamma}) \geq\max\{d_{1}, d2\}$ . ,
$d_{1}:= \frac{n(2\delta_{v}-\mu_{2})}{\delta_{v}\delta_{c}-\mu_{2}}$ , $d_{2}:= \frac{2n\{2(\delta_{v}-1)+\delta_{c}-\mu_{2}\}}{\delta_{c}(\delta_{v}\delta_{c}-\mu_{2})}$
.
$\Gamma$ 7 , $H_{\Gamma}^{T}H_{\Gamma}$
$\mu_{2}$ . , Tanner ,
$\mu_{2}$ .
$\Pi=$ $(W, F)$ , $|W|=v$
$\Pi$
$\alpha$ , $w_{i},$ $w_{j}\in W$ $S_{ij}:=\{wk$ $\in W|$
$(w_{\dot{l}}, w_{k}),$ (wj, $w_{k}$ ) $\in F\}$
$|$S$ij|=\{$
$\beta,$ $(w_{i}, w_{j})\in F$,
$\gamma,$ $(w_{i}, w_{j})\not\in F$
, $(v, \alpha, \beta, \gamma)$ [7] . ,
$=(W, F)(W=\{w1, w_{2}, \ldots, w_{n}\})$ $A_{\mathrm{n}}=(a_{ij})$ ,
$a_{ij}:=\{$
1if $(w:, w_{j})\in F$,
0if $(w_{i}, w_{j})\not\in F$
$n\mathrm{x}n$ . .
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$\Gamma=$ $(\mathrm{K}\cup V_{c}, E)$ , $\Gamma$ [7] $\Pi_{\Gamma}:=(W, F)$ $W=V_{v}$ ,
$F:=$ { $(v_{i},$ $vj)\in V_{v}\cross V_{v}|i\neq j,$ $(c,$ $v$i), $(c,$ $vj)\in E$ for some $c\in V_{c}$}
. 3 Steiner $\langle$ Tanner IEG-
LDPC Tanner , $\mathrm{r}$
, $[9, 21]$ .
$A_{\Pi_{\Gamma}}=H_{\Gamma}^{T}H_{\Gamma}-\delta_{v}I$
$[9, 21]$ . , 8 $A_{\Pi_{\Gamma}}$
$\nu_{2}$ , $\mu_{2}=\nu_{2}+\delta_{v}$ $\mu_{2}$ .
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